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The semiclassical (local) approximation of mass discontinuity in the Wigner theory, when applied to
resonant-tunneling diodes (RTD) with wide or high barriers, is shown to lead to unphysical results such
as negative valley currents and negative peak-to-valley ratios (PVR). To deal with such problems, we
propose to include the full nonlocal effect of mass discontinuity and restore the positive definiteness of
the diagonal part of the density matrix. We have studied several examples and established the following
points: (i) in the low narrow-barrier case, we obtain substantially lower PVR than that with the local ap-
proximation; (ii) in the wide- and/or high-barrier case, we obtain positive valley currents and hence
meaningful PVR, indicating the applicability of the present theory to a wide range of RTD; specifically
those which are actually in use; (iii) the peak currents are reduced substantially compared to that in the
local approximation. In addition, effects of the mass discontinuity on ac characteristics of resonant-
tunneling diodes are also presented for the ac admittance and the second-harmonic coefBcients.
I. INTRODUCE. I'ION
Resonant-tunneling diodes (RTD) with negative
differential resistance (NDR) have been studied for many
years since first demonstrated. ' The reasons for the in-
terest are high-frequency digital and analog applications.
There have been new devices such as the Stark effect
transistor, the resonant hot-electron transistor, and
devices for multiple-level logic, which are all based on
the NDR in the current-voltage (I-V) characteristic of
the RTD. One way of the measuring the NDR is the so-
called peak-to-valley ratio (PVR).
Despite the great strides made in fabrication technolo-
gy, the detailed theory behind the RTD has not kept
pace. The first attempts at modeling the tunnel struc-
tures incorporated simple quantum tunneling. ' A ma-
jor criticism of this approach is that it requires
knowledge of the distribution of the electrons at each side
of the tunneling interface, rather than the bulklike distri-
bution far from the tunneling interface, although the
latter is usually used. Furthermore, the theory contains
no time dependence and is not suited to transient
response and ac admittance calculations, which are im-
portant to device applications. On the other hand, a
quantum theory of electron transport in the Wigner for-
malism has recently been developed and applied to
RTD. ' In the theory, the transport equation for the
Wigner distribution function is written as
f V—(Z, k —k')f(Z, k', t ),1 dk'
describing the distribution of electrons emitted into the
device by the thermal equilibrium distribution function.
The Wigner distribution function f(Z, k, t } is deSned by
the Wigner-Weyl transformation of the density matrix
f(Z, k, t}= Jdr e' 'p Z+ —,Z ——1 ikr r r2M 2' 2
and has the interpretation as a probability distribution
function, although such interpretation must be handled
carefully. Transport quantities, such as particle densities
and currents, are calculated from the distribution func-
tion. This approach introduces irreversibility via bound-
ary conditions on the single-particle Wigner distribution
function, and is well suited to modeling open quantum
systems. It has become an important tool to study
quantum-tunneling devices. Containing the time depen-
dence, it can treat transient response as well as ac admit-
tance. However, as far as current magnitude and PVR
are concerned, there is some discrepancy between the
theory and experiments. For example, the predicted peak
current is usually larger than the corresponding experi-
mental value. ' ' Although the theory leads with only
ideal structures, which are not what the actual devices
are, it is nevertheless important to have clear ideas about
each approximation the theory invokes, which can con-
tribute to the discrepancy.
The issue that we address in this paper regards, in the
Wigner theory above, the efFect of discontinuity in the
effective mass as a consequence of the abrupt change in
band structure at a heterojunction. If the discontinuity is
small, it was thought that one might use a semiclassical
(local) approximation by placing the effective mass factor
in Eq. (1) inside the gradient operator as follows:
together with the boundary condition
f(0,k)=ft(k), k)0,
f(l,k)=f, (k}, k &0
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—f(Z, k, t ) = —irtkdt BZ m '(Z)
——f V(Z, k —k')f(Z, k', t) .1 dk'
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This approximation has been applied to the
GaAs/Al Ga& „As heterojunction with small Al mole
fractions. However, the full effect of mass discontinuity
in the Wigner theory is in fact nonlocal, ' ' and needs
systematic investigation because of the following: (i) in-
clusion of the full effect can bring calculations to a more
stringent comparison with experiments, (ii) the actual de-
vices may contain high Al mole fractions, which invali-
date the local approximation. In the following, we shall
show that the local approximation breaks down not only
in the case of high barriers, i.e., large Al mole fractions,
but also in the case of wide barriers. Furthermore, in the
ease of low, narrow barriers where the local approxima-
tion was thought to work best, the full nonlocal effect
shall be shown to result in lower peak and higher valley
currents and, hence, smaller PVR compared to that ob-
tained in the local approximation.
This paper is organized as follows. In Sec. II, we
present an analytical discussion of the local approxima-
tion. In Sec. III, we present the theoretical model,
which includes the full effect of mass discontinuity. In
Sec. IV, we present numerical results and discussions. In
Sec. V, we present comparison with other theories. In
Sec. VI, we summarize the study.
8 f(Z, k)
az m'(z} '
since V(Z, k) =0 in the case of a constant v (z) [this fol-
lows simply from the deSnition of V(Z, k) given in Eq.
(14}]. Integrating the above equation with respect to dk,
we obtain
8 n(Z)
BZ m'(Z} (9)
Solving this equation, we get
n (Z ) =cm '(Z), (10)
to be continuous as is usually imposed in the standard
envelope-function theory, it follows that n (z) is also con-
tinuous. Therefore, in the Schrodinger approach to the
present problem, there is nothing surprising to occur con-
cerning the carrier density n (z).
On the other hand, if we apply the Wigner theory in
the local form [Eq. (4)] to the same problem, we obtain,
for a steady-state distribution f(Z, k), the following equa-
tion:
II. DISCUSSION OF THE LOCAL APPROXIMATION
We now present a special case (referred to as case A
below), which allows a simple analysis within the local
approximation. This example shall illustrate the inap-
propriateness of the local approximation in treating the
efFect of mass discontinuity.
We consider a heterostructure under zero bias within
the so-called one-band model, with the following mass
variation:
m] y z z]
m'(z)= —m~, z, (z (z2
m3, z)z& ~
Moreover, we taken the band ofFset to be zero, i.e., the
potential u(z)=0 throughout the structure. The wave
equation which permits mass variation' is, for this prob-
lem, simply
fi 8 1 8 . 8%(z, r ) =i' %(z, t)2 Bz m «(z) Bz Bz
Such an example has some relevance to the HgTe/CdTe
system, where the sign inversion of the effective mass has
been shown to result in interface states. However, re-
gardless of whether the structure in consideration is real-
istic or not, a solution to the wave equation gives the fol-
lowing carrier density:
n(z)= gg(E, )~%,.(z)~
which is always positive definite as is required by its
mathematical form, where g(E,. ) is an arbitrary distribu-
tion function. Furthermore, if we require the function II
with c a constant. This solution implies that the density
n(Z} varies in the same way as the effectivemass, and
can display nonphysical features such as a sign change
and/or a discontinuity.
We conjecture that the nonphysical feature illustrated
above with the local approximation may also exist in the
general case where, in addition to the mass discontinuity,
a spatially varying potential U (z) is simultaneously
present. Our argument is the following. I.et us first con-
sider the opposite case (referred to as case B below) of
case A, where the mass variation is turned off while the
varying potential is retained. In this limit, the local form
(4) reduces to (1), and becomes an exact theory totally
equivalent to its corresponding "Schrodinger" equation
for the envelope function. Therefore, no nonphysical
feature, such as an abrupt change in the density, can arise
in the case with only the potential variation. Next, we
take the foregoing statement one step further and pro-
pose that, in the presence of mass discontinuity, neither
does the potential generate any nonphysical feature,
which opposes to the one produced by the mass discon-
tinuity and completely eliminates the feature. In other
words, it is only to renormalize the magnitude of the
feature. Such an argument is admittedly rough, but pro-
vides us with a reasonable picture, which, as shall be
seen, is consistent with the numerical evidence shown in
Sec. IV.
We remark that the discussion presented in this section
involves only the differential Eq. (4), and does not depend
on the numerical method used to solve the equation, nor
does it depend on the boundary condition and/or contact
layers one picks up for the equation in formulating a
boundary-value problem. We, hereby, attribute the non-
physical feature discussed above to the mathematical na-
ture of the local approximation itself.
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HI. THKORKTICAL MODEL
We now include the full effect of the mass jump in the
Wigner theory. We begin with the Hamiltonian, which
permits mass variation'
ap(z z') R a 1 a a 1 a
at 2 az m (z ) az az' m (z') az'
+ [v(z) —v(z'))p, (12)
a 1 aH= — +v(z),
2 az m z az
and write the corresponding quantum Liouville equation
for the density matrix, p. Note that the diagonal part of
p, being the probability density, is positive definite, i.e.,
p(z, z}~0. By Wigner-Weyl transforming the equation,
one arrives at the quantum transport equation
f(—Z, k, t)=-a
"„l," v.„(z,k —~ &k'y&z, k, i&2' g
k' I k'
4m~ 2m g
A'k af(Z, k, t) A' dk' „, a'f(Z, k', t)
dk'
v (Z k k, )k, af(Z, k', t)
2 ~ 2 az
I
——f V(Z, k —k')f(Z, k', t), (13)
where mb&z is the electronic effective mass in the elec-
trode, 1/m z =—1/mb„„„—1/mb„&„, and
Vzd(z, k ) =f dr sin(kr ) V Z+ ——V Z ——r r2 ~ 2
V,„,„(Z,k)= fdr cos(kr) V Z+ —+ V Z ——"
The transport equation obtained here is a second-order
differential equation in f with respect to Z, which re-
quires boundary conditions imposed on f and af/aZ.
We propose that, at the boundaries Z=o and Z=l, f
satisfies Eq. (2), and
af/az(z=o, k)=o, k&0,
af/aZ(Z=l, k)=0, k (0,
G,zd(z, k)= fdr sin(kr)
G,„,„(Z,k)= fdr cos(kr)
av z=z+-r
2
rav z=z ——
2
r
av z=z+—
2
(14)
meaning that no carriers emit via diffusion into the de-
vice, which is physically plausible.
We remark that the above boundary conditions are
only physically appealing, and not derived from any first
principles. Rigorously speaking, Eq. (2} holds only for
equilibrium systems or for structures with contact layers
really acting as thermal reservoirs. However, we regard
these conditions as phenomenological and apply them to
situations ranging from the linear response regime to that
far from equilibrium. As shall be shown below, they are
at least consistent with the irreversibility requirement for
an open system.
One can derive the current continuity equation by in-
tegrating Eq. (13) with respect to dk, and obtain
r
aV z=Z ——
az with
an(Z, t) aj (Z, t)
at az (16)
r rV(Z, k)= dr sin(kr) u Z+ ——u Z ——2 2
with V (z)=1 when z lies in the barrier and V (z)=0,
otherwise. We note that, the positive definiteness of
p(z, z), or J (dk/2n. )f(z, k, t), is preserved here by re-
taining, in the transport equation, all the terms which are
produced in the Wigner-Weyl transformation of the
Liouville equation.
n(Z, t)= f f(Z, k, t),k
j(Z, t)= f A'kdk277
(17)
1 + V (Z), f(Z, k, t) .1
Pl b~]g m Q
In passing, we note that the continuity equation and the
expressions of particle density and current derived in the
local approximation are the same as in the present
theory, providing some justification for the local approxi-
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where the homogeneous boundary condition
f(Z=O, k &O, t)=f(Z=1,k &O, t)=0, (19)
meaning no carrier injection, has been utilized in deriving
the expression. Under the condition that particle distri-
butions at the far boundaries are only weakly afFected by
the presence of interfaces, which are the source of quan-
tum efFects, f(Z=O, k &O, t) and f(Z=l, k&O, r) ap-
proach the classical limit and are both positive quantities.
Each integral on the right-hand side of Eq. (18), there-
fore, has the same sign as the k range over which it is in-
tegrated, making c)N/dr negative. Hence, the particles
will eventually all escape from the device. Second, we
consider the case where carrier injection is specified by
the boundary condition, Eq. (2). It is obvious that
f~(Z, k, t), the difference between f(Z, k, t) and the
steady-state solution f, (Z, k ), satisfies the same transport
Eq. (13) but with the homogeneous boundary condition.
Hence, the corresponding difFerence in the particle num-
ber Ns(Z, t) satisfies the same time-dependent Eq. (18),
and approaches zero eventually, showing the irreversibili-
ty of time evolution. Our argument presented here is
different from that given in Ref. 9, which considered only
the case where the effective mass is a constant. Ours can
be applied to the model where the mass discontinuity is
involved.
To solve the transport equation, we discretize the
phase space (Z, k) and transform the equation into a set
of difference equations. In particular, we use the three-
point expression to approximate c)f /c)Z. "For d f /c)Z,
we approximate it by
1 [f(Z,k) —2f(Z —b,„k)+f(Z—2b„k)], k &0,
1
(20)
, [f(Z,k) —2f(Z+b.„k)+f(Z+2h„k)], k &0.Q2
We solve the difference equations by the Gaussian elim-
ination procedure. ' " In the present calculation, we con-
cern ourselves with steady-state properties and set the
condition Bf/c)t =O.
To obtain the ac characteristics, one can carry out the
mation of mass discontinuity.
We argue that the present theory incorporates the ir-
reversibility of time evolution of open systems in spite of
the complicated terms introduced into Eq. (13) via the
Wigner-Weyl transformation. In other words, given any
initial state, the system will evolve eventually to a steady
state. The argument is carried out in two steps. First, we
consider the case where there are no carriers injected into
the device. Suppose initially there are a finite number of
particles in the device, i.e., N(t)= fOdZ n(Z, t) &0. The
time dependence of N(t) follows by integrating the con-
tinuity Eq. (16) with respect to dZ, resulting in
"c)N I dk haik f(Z 0 k )c)r k (0 277
small-signal analysis. ' Let the bias voltage be
u(t)=ud, +
—,
'A. (u e' '+c.c. ), (21)
IV. NUMERICAL RESULTS
We apply the theory of Sec. II to three
6aAs/Al„Ga, „As symmetric double-barrier RTD.
The GaAs well width in all three cases is taken to be 4.5
nm. In the first case, the Al mole fraction is taken to be
0.3 and the barrier width is 2.8 nm. This is the case con-
sidered in Ref. 9 and the effect of mass discontinuity was
treated there within the local approximation. In the
second case, the Al mole fraction is taken to be 0.32 and
the barrier width is 2.8 nm, with the barrier higher than
in the first case. In the third case, the Al mole fraction is
taken to be 0.3 and the barrier width is 3.0 nm, with the
barrier wider than in the first case. The temperature
is taken to be 300 K. The doping concentration is tak-
en to be 2 X 10' cm. The band offset at the
GaAs/Al„Ga, „As heterojunction is taken from Ref. 19.
The number of mesh points is taken to be N, =86,
Xk =90.
In Fig. 1, we present the I-V curve for the first case.
Results are obtained with both the local approximation
and the present theory. The present theory and the
theory with the local approximation predict about the
same positions of voltages for the peak and valley
currents. However, the peak current is substantially
smaller in our theory, resulting in a lower PVR.
In Fig. 2, we present the I-V curve for the higher bar-
rier case. Note that the valley current is negative with
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FIG. 1. I-V curve for the first case. Results are shown for
both the present theory (solid) and the theory with the local ap-
proximation (dashed}. The lines obtained by curve fitting are
drawn to guide the eyes.
where c.c. denotes the complex conjugate. The corre-
sponding current is written as
I(t)=Id, +
—,
4A, [y(cu)u e' '+c.c.]+—,'l4, a„„(cu)u
+
—,
'A, [ai (cu)u e ' '+c.c.]+
defining the admittance and nonlinear coeScients.
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FIG. 2. I-V curve for the higher barrier case. Results are
shown for both the present theory (solid) and the theory with
the local approximation (dashed). The lines obtained by curve
fitting are drawn to guide the eyes.
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FIG. 3. Particle density distribution with the bias voltage
0.28 V corresponding to the valley current, for the higher bar-
rier case. Results are shown for both the present theory (solid)
and the theory with the local approximation (dashed).
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the local approximation. On the other hand, our theory
predicts a positive valley current, and hence a physically
acceptable PVR. In Fig. 3, me plot the particle density
distribution with the bias voltage 0.28 V corresponding to
the valley current, for the higher barrier case. Note that
the particle density in the mell is negative with the local
approximation but close to zero with our theory. This in-
dicates that retaining the full nonlocal effect of mass
discontinuity indeed preserves positive definiteness of the
density.
In Fig. 4, we present the I-V curve for the wider bar-
rier case. In this case, although the Al mole fraction is
the same as in the first case, the valley current with the
local approximation becomes negative, showing that the
approximation is inappropriate in the wide barrier case.
%'ith our theory, we obtain a positive valley current,
again supporting the importance of incorporating the full
efFect of mass discontinuity.
In the following, we present ac characteristics of the
first case. In Fig. 5, we present the ac admittance with
zero dc bias. In Fig. 6, we present the ac admittance with
the dc bias taken to be the voltage where the NDR at-
tains the maximum. As shown in the two figures, both
the negative differential conductance and the susceptance
with the present theory are sizably lower than that with
the local approximation. In Fig. 7, we present the non-
linear coefficients with the bias taken to be the voltage
where the peak current is attained. The nonlinearity with
the present theory is shown to be sizably smaller than
that with the local approximation.
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FIG. 4. I-V curve for the wider barrier case. Results are
shown for both the present theory (solid) and the theory with
the local approximation (dashed). The lines obtained by curve
fitting are drawn to guide the eyes.
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FIG. 5. ac admittance with zero bias. Upper, the real part of
admittance; lower, the imaginary part of admittance. Results
are shown for both for the present theory (solid) and the theory
with the local approximation (dashed).
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We compare our work with others. In connection with
the work of Tsuchiya, Ogawa, and Miyoshi, ' we note
important differences between our work and theirs.
While their theory is based on the same transport equa-
tion, it does not require the boundary condition for
"df /"r}z, which is consistent with the two-point —upwind-
downwind differencing scheme (UDS) they employed in
the theory. On the other hand, we specify the boundary
condition for Bf/dz, and use the three-point —second-
order differencing scheme (SDS) to discretize the phase
space (z, k), which should give more accurate results ac-
cording to Buot and jensen. ' A similar difFerence also
exists between our calculated PVR in the local model and
that in Ref. 9, which adopted the UDS. Numerical accu-
racies with the UDS and SDS have been extensively dis-
cussed and compared in Ref. 12, where the SDS was
shown to result in a PVR larger than that calculated
within the UDS.
VI. SUMMARY AND CONCLUSIONS
FIG. 6. ac admittance with the bias equal to the voltage
where the NDR reaches the maximum. Upper, the real part of
admittance; lower, the imaginary part of admittance. Results
are shown for both the present theory (solid) and the theory
with the local approximation (dashed).
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FIG. 7. Second-harmonic coefficients with the bias equal to
the voltage where the current peaks. Upper, Ia„„(; lower,
Iaz I. Results are shown for both the present theory (solid) and
the theory with the local approximation (dashed).
We have demonstrated the limitation of the local ap-
proximation in the Wigner theory, and have modified it
to include the full nonlocal effect of mass discontinuity.
The resulting transport equation together with the
boundary conditions is shown to be compatible with the
irreversibility of dynamical evolution. We have studied
several examples and established the following points: (i)
in the low narrow-barrier case, we obtain substantially
lower peak-to-valley ratios compared to that in the local
approximation; (ii) in the wide- and/or high-barrier case,
we obtain positive valley currents and hence meaningful
peak-to-valley ratios, indicating the applicability of the
present theory to a wide range of resonant-tunneling
diodes, specifically those which are actually in use; (iii)
the peak currents are reduced substantially compared to
that in the local approximation. We have also studied
the effects of the mass discontinuity on ac characteristics
of RTD, and found both the ac admittance and the
second-harmonic coefBcients are sizably smaller with the
present theory than that with the local approximation.
The present formulation, being more exact, can bring the
Wigner theory to a more stringent comparison with ex-
periments. Finally, we note that, although the examples
considered in this work have focused on the
GaAs/Al Ga& „As systems, the present study applies to
other material systems as well.
We note that the present work has not attempted to in-
clude the effect of e-e interaction. We expect that the in-
clusion of it, say, at the Hartree leve1, does not change
our discussion of the mass effect in a qualitative way,
since the e-e interaction in the Hartree approximation
just modi6es the potential, which, according to our argu-
ment in Sec. II, is only to renormalize the mass effect.
However, an extension of the present theory to a seH'-
consistent version is certainly important for realistic de-
vice simulations, and is worth investigation in the future.
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